Abstract This paper presents a discrete-time equity derivatives pricing model with default risk in a no-arbitrage framework. Using the equity-credit reduced form approach where default intensity mainly depends on the firm's equity value, we deduce the Arrow-Debreu state prices and the explicit pricing result in discrete time after embedding default risk in the pricing model. We prove that the discretetime defaultable equity derivatives pricing has convergence stability, and it converges weakly to the continuous-time pricing results.
risk in a no-arbitrage framework, and prove that the pricing in discrete-time converges weakly to the continuous-time pricing results. In comparison, our method is different from Nieuwenhuis and Vellekoop [13] . Following the discrete framework of He [9] and equity-credit market approach presented in [2] , we describe the discrete-time pricing model in a no-arbitrage framework. After embedding default risk, we deduce the Arrow-Debreu state prices and the explicit pricing result in discrete time. In order to prove the weak convergence of pricing processes, several auxiliary results are presented.
The paper is organized as follows: In section 2, we introduce the continuous-time model using equitycredit reduce-from approach; In section 3, we illustrate a discrete-time model of the equity derivatives pricing with default risk; In section 4, weak convergence of equity derivatives pricing with default risk from discrete-time to continuous-time pricing is proved; Finally, in section 5, we summarize the article and make concluding remarks.
The continuous-time model
We first recall the continuous-time defaultable contingent claims pricing model. Given a probability space
(Ω, F , P ), T is a strictly positive real number which represents the final date, (ω t ) 0≤t≤T is a Brownian motion. Let F t = σ(ω s , s ≤ t) for t ≥ 0. We suppose F t ⊂ F for all t, and P is the real-world probability.
Furthermore, we denote by "⇒" weak convergence from now on. A default event occurs at a random time τ , where τ is a non-negative random variable. The default process is defined as N t 1 {τ ≤t} , and H t = σ(N s , s ≤ t), the filtration H is used to describe the information about default time, where H = 0≤t≤T H t . At any time t, the agent's information on the securities prices and default time is G t = F t ∨ H t and the agent knows whether or not the default has appeared. Hence, the default time τ is a G stopping time where G = 0≤t≤T G t . In fact, G is the smallest filtration which contains F and allows τ to be a stopping time. Assume that the pre-default stock price S t has the following dynamics dS t = (b(S t ) + λ(S t , t)S t )dt + σ(S t , t)S t dω t , S 0 > 0.
(2.1)
Here we assume that b(x) is continuous, σ(S, t) is a positively bounded and nonsingular Borel-measurable function. In particular we have that σ(S, t) ≥ σ for some positive constant σ, λ(S, t) is a nonnegative, bounded, continuous, F -progressively measurable and integrable function. The functions b(S), λ(S, t)S and σ(S, t)S are Lipschitz continuous in S, uniformly in t.
The bond price B t satisfies dB t = B t r(S t )dt and B 0 = 1, where r(x) is a nonnegative continuous function, representing the riskyless interest rate. Suppose there exists a constant K > 0 such that
There exists a G equivalent martingale measure Q * which is defined as dQ * | Ft = ξ t dP | Ft , where ξ t is the Radon-Nikodým density satisfying
with respect to F , and under the changed measure
We call Γ t the F hazard process of τ . For the detailed properties, one can refer to Bielecki and Rutkowski [3] .
Let g(·) : IR → IR be a square integrable and measurable function, the equity derivatives are defined to be securities that pay g(S T ) dollars on the final date. This formulation subsumes all of the usual examples, such as the European options, convertible bonds and so on. The prices of equity derivatives at time t are
Poisson process with stochastic intensity is called Cox process. Given λ(S u , u), denote by C t the Poisson process with intensity C t = t 0 λ(S u , u)du. Then C t is a Cox process. Following the equitycredit market models, the canonical construction of default time τ under the Cox process C t is defined as τ = inf{t ≥ 0 : C t ≥ Θ}, where Θ ∼ Exp(1) and is independent of F under Q * . Then
It is easy to see that under this condition, the default time is the first jump time of the Cox process, the F hazard process of τ satisfies
Let ∆ denote the bankruptcy state when the firm defaults at time τ . Then we can also write the dynamics for the stock price subject to bankruptcy S ∆ t as follows:
where M t = N t − t∧τ 0 λ(S u , u)du, and M t is a martingale. Moreover, referred to Hypothesis (H) in Blanchet-Scalliet and Jeanblanc [4] : all F -martingales are G-martingales. It implies that the F -Brownian motion W t remains a Brownian motion under the extended probability measure Q * and with respect to the enlarged filtration G and is independent of M t . Then we have
Here we write σ t = σ(S t ), r t = r(S t ), λ t = λ(S t , t) for simplicity. We can obtain the following result.
It can be regarded as the discount price of contingent claim
(rs+λs)ds Y (S t , t), (2.5) is proved after using Itô's formula again. ✷ 3 Discrete-time model in the defaultable market
For simplicity, the time horizon is assumed to be [0, 1] and divided into n steps, the length of every step is 1/n. For k = 1, 2, · · · , n, let ε k be a random variable on the probability spaceΩ = {ω 1 , ω 2 }. For
Then P n is the probability measures defined onΩ n , representing the real-world probability, F n is the filtration generated by ε k , k = 1, . . . , n, {ε 1 , ε 2 , . . . , ε n } is a sequence of independent and identically distributed random vectors defined on
There are two financial assets in the market: stock and bond. Since the increment of Brownian motion can be approximated by a sequence of independent and identically distributed random variables, the pre-default stock prices and bond prices can be written as
Here S n k , B n k denote the stock prices and bond prices at time k n respectively. LetS 
The above discrete framework is employed in He [9] where he assumes the stock prices satisfying
, where π(ω s ; S n k )(s = 1, 2) are considered as the ArrowDebreu state prices and the discount stock prices are martingale. He [9] gives the result that there exists unique equivalent martingale measure Q n in discrete-time defaultable market, and dQ n = ξ n n dP n , where
k is defined as the product of Arrow-Debreu state prices from 0 to k, the default-free discrete-time market is complete. Letξ
Suppose default occurs at random time τ n , where τ n is a non-negative random variable. The default process is defined as
n is used to describe the information about default time. At time k n , the agent's information on the prices and on the default time is
Hence, the default time τ n is a G n stopping time where
From Blanchet-Scalliet and Jeanblanc [4] , if the defaultfree market is complete and arbitrage-free, the defaultable market is arbitrage-free, then there exists an equivalent martingale measure Q * n in G n -market.
Several properties in the continuous-time model still hold here, such as (F n k ) is nonnegative bounded submartingale, Γ n k is increasing, and
k is a martingale, the detailed properties can refer to [4] .
Assume the Cox process is defined via intensityC t t 0 λ(S n u , u)du, Θ is the random variable with an exponential law of parameter 1, which is independent of F n under Q * n , then we can give the canonical construction of τ n , τ n :
n .
The F n hazard process τ n satisfy
Moreover,
n t is a sequence of Markov process on probability space(Ω n , F n , Q * n ) with sample path in
Although τ n and τ are defined in different probability spaces, the canonical construction provides us a feasible way to prove the weak convergence of the default process which will be shown in the next section.
Define auxiliary discount process
Here we write r k = r(S n k ) and λ k = λ(S n k ) for simplicity. Suppose the equity prices and bond prices satisfỹ
Solve the above two equations, we getπ(ω s ; S
Since θ is bounded, for n large enough,π is non-negative. Theñ
The price of defaultable contingent claims g(S n n ) at time
Then the following equation holds:
We can conclude thatπ(·; S n k ) can be regarded as the discrete-time Arrow-Debreu state prices in the defaultable market.
The main result: Weak Convergence
In this section, we will prove the weak convergence of pricing process for defaultable equity derivatives under the above model. Firstly, we introduce infinite dimensional multiplicative probability spaceΩ I N ∞ Ω ×Ω × · · · ×Ω, thenΩ n is a subspace ofΩ I N . From the infinite multiply probability existence theorem, there exists a unique probability measureP satisfying condition:P (A ×Ω I N\In ) = Q n (A), where A ∈Ω n , I n = {1, 2, . . . , n}.
He [9] proves the weak convergence of Markov process vector including equity prices, bond prices, Radon-Nikodým density. Now we extend this result in the defaultable market. Combining Martingale central limit theorem developed by Ethier and Kurtz [8] (Page 354), we get a similar result.
Recall the definition of τ n and τ , the following conclusion holds.
Proof. For any t ∈ [0, 1], we have sup
So {X n (t)}is tight for any t ∈ [0, 1].
Choose sequences {α n } and {δ n } satisfying the following: for all n, α n is a stopping time with respect to the σ filtration which is generated by the process {X n (t) : 0 ≤ t ≤ 1}, and α n has only finite value; δ n is a constant and 0 ≤ δ n ≤ 1. Moreover δ n → 0, as n → ∞.
Since λ(S, t) is a nonnegative bounded continuous function, we have
where C is a fixed constant. Together with the fact that exp
We have X n (t) = 1 {τn>
n } = 1 {Θ>Γ n t } and X(t) = 1 {τ >t} = 1 {Θ>Ct} = 1 {Θ>Γt} for any t ∈ [0, 1]. SinceΓ n ⇒ Γ as n tends to infinity, we have E Qn [e iuXn(t) ] → E Q [e iuX(t) ] as n tends to infinity.
According to the dominated convergence theorem, for any t 1 , t 2 , . . . , t m ∈ [0, 1], u 1 , . . . , u m ∈ IR,
Therefore, {X n } is tight, and their finite dimensional distribution converges. From Ethier and Kurtz [8] (Page 131), {X n } converges weakly to X . ✷ Lemma 4.3. For any integers l, m, k ≥ 0, l ≤ k ≤ n, there exists a constant C > 0, depending on m (large enough), such that
Next we prove the weak convergence of the second part in the equation of defaultable contingent claims prices, following a similar argument to the main theorem of He [9] . 
Suppose that Y is continuously differentiable up to the third order and that Y and all of its derivatives up to the third order satisfy a polynomial growth condition. Then Y n (·) ⇒ Y (·) as n tends to infinity.
Remark. We get the idea of the proofs of Lemma 4.3 and Lemma 4.4 from He [9] , but the results in our paper are rather different from them. In Lemma 4.3, we give the inequality for a more general case.
In Lemma 4.4, we prove thatẽ n t converges to zero in the sense of almost everywhere. Then combine Lemma 4.2 and Lemma 4.4, we obtain the main result.
[nt] n satisfy (2.4) and (3.1) respectively. Then we havẽ
Proof. Clearly, we haveṼ n S n t ,
[nt] n = X n (t)Y n (t) and V (S t , t) = X(t)Y (t). By Lemma 4.4, Y n converges weakly to Y , then Y n is relatively tight. Since IR is separable and (IR, d) is complete, then D I R [0, 1] is separable, it follows that {Y n } is tight.
By Lemma 4.2, {X n } is tight, together with the fact that Y (t) = Y (S t , t) is continuous with respect to t, then {(X n , Y n )} is tight according to Jacod-Shiryaev [10] (Page 353).
Next, we only need to prove the convergence of their finite dimension distribution. That is, for any u 1 , . . . , u m ∈ IR, v 1 , . . . , v m ∈ IR,
From Lemma 4.2 and Lemma 4.4, we can obtain the convergence of the finite dimension distribution of {X n }, {Y n }. Moreover, X n (t) and Y n (t) are measurable with respect to H t and F t respectively, and
, where f is a continuous function that maps X n (t), Y n (t) from Next, we prove the four conditions for martingale central limit theorem holds.
(a) It is directly from
So N k are martingales. By the same arguments, M n t and M n t (M n t ) T − A n t are also martingales.
(c)Z
n . By the definition of τ q n , when t ≤ τ 
n , and the above equation equals to zero when t = k n . Therefore,
We can easily prove that lim , we obtain
Notice that
when x, y > 0. Taking the conditional expectation with respect to F n k under Q n , we have
Given the conditions on b, λS, σS, we can find a constant K ′ > 0, such that for any x ∈ R,
Hence we can obtain
and furthermore,
, where K depends on K ′ and m, 0 ≤ l ≤ k, and A = sup
2m is a convex and increasing function in IR + and (S n k ) is nonnegative. By Jensen's inequality, we have
is a submartingale. By submartingale inequality, we have
where C is large enough, andS Applying continuous mapping theorem, we get
[nt] n , we need only prove that the stochastic processẽ n · converges weakly to zero. Let "+" and "−" denote the states ε k+1 = 1 and ε k+1 = −1 respectively, and define S
. We define two functions as follows.
Then by Taylor's expansion,
where
+ (s)ds. The expression of f − (1) is similar to f + (1) with S n+ k+1 replaced by S n− k+1 . By denoting the remaining terms by Q n k , we havẽ
By Lemma 2.1, the above equation equals to 1 +r
Hence we obtain the following recurrent equation for e For the second part we can also write out the expressions of f
+ (s), f
− (s), they are of order n Then we can chooseC large enough which depends on q, k and n, such that |e 
Conclusion
In this paper, the weak convergence of discrete-time equity derivatives pricing model with default risk is proved in a no-arbitrage framework. Our results present a mathematical foundation for derivative pricing with default risk using numerical method. It remains to study the convergence for the hedging strategy.
